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Theory of Current-Induced Breakdown of the Quantum Hall Effect
Kenzo Ishikawa, Nobuki Maeda, Tetsuyuki Ochiai, and Hisao Suzuki
Department of Physics, Hokkaido University, Sapporo 060, Japan
By studying the quantum Hall effect of stationary states with high values of injected current
using a von Neumann lattice representation, we found that broadening of extended state bands
due to a Hall electric field occurs and causes the breakdown of the quantum Hall effect. The Hall
conductance agrees with a topological invariant that is quantized exactly below a critical field and
is not quantized above a critical field. The critical field is proportional to B3/2 and is enhanced
substantially if the extended states occupy a small fraction of the system.
73.40.Hm, 72.20.My
The Quantum Hall effect (QHE)1 is so far the best way of measuring a precise value of the fine structure constant
experimentally. In finite ranges of the electron density and a magnetic field, the Hall conductance, σxy stays in a
constant value and the longitudinal conductance σxx vanishes.
2 Width of this quantum Hall regime (QHR), which
should be finite for the measurement to be possible, is a subject of the present paper.
In experiments, the injected current is finite. The larger current is better for obtaining high precision. However
it has been found that the width of QHR is reduced by increasing injected current and eventually vanishes if the
current exceeds a critical value. The QHE then disappears.3,4 It was suggested by Trugman5 and Eaves and Sheard6
that electric field causes broadening of Landau levels. The Coulomb interaction effect was included by Tsemekhaman
et al.7 In recent experiments, Kawaji, Hirakawa, and Nagata3 found new universal phenomena, which can not be
understood in previous works, namely the breakdown of the QHE occurs if the Hall electric field exceeds the critical
value which is proportional to B3/2 in specially designed butterfly shape systems.
In this paper we develop a theory of the QHE in a finite current system and show that mobility edges move and
width of QHR decreases with Hall electric field. If the Hall electric field exceeds the critical value, QHR vanishes. The
critical field is estimated and is shown to agree with experimental results by Kawaji, Hirakawa, and Nagata if the Hall
electric field for extended states is enhanced by a factor of about twenty. The strong localization of electrons due to
disorder causes this enhancement. We show also that the Hall conductance is quantized exactly and the longitudinal
conductance vanishes in QHR of systems with small current below the critical value.
In a von Neumann lattice representation basis functions are localized on the lattice sites. Hence this representation is
quite useful in studying extended states and localized states. We can also obtain exact relations in a strong magnetic
field with a finite Hall electric field such as the current conservation, equal time commutation relations, Ward-
Takahashi (WT) identity, and a topological formula for the Hall conductance σxy. A proof of exact quantization of
σxy in QHR of the systems with disorder and interaction has been given before.
8,9 The system with finite injected
current is studied in the present paper.
In QHR, one-particle states have an energy gap and stationary current flows in a Hall electric field by which
Lorentz force is balanced. There is no energy dissipation in this system. Hence we study a stationary state of a
second quantized Hamiltonian that has the Hall voltage, VH(x), and impurity potential Vimp(x),
H =
∫
dxΨ†(x, t)HΨ(x, t),
H =
(−i∇+ eA)2
2m
+ Vimp(x) + eVH(x), (1)
∂xAy − ∂yAx = B.
We use units with h¯ = c = 1. The electron field is expanded by von Neumann coherent states |Rmn〉 of guiding center
coordinates (X,Y ) and harmonic oscillator eigenfunctions |fl〉 of relative coordinates (ξ, η) with energy eigenvalue
El = ωc(l +
1
2 ), where ωc =
eB
m , l = 0, 1, 2, . . ., as,
Ψ(x, t) =
∑
al(Rmn, t)〈x|fl ⊗Rmn〉, (2)
(X + iY )|Rmn〉 = a(m+ in)|Rmn〉,
where m, n are integers and a =
√
2pi/eB.
In Fourier transformed basis of Eq. (2), which we call an energy basis,10 the free Hamiltonian (not including Vimp
and VH), the current operator, and the commutation relation of the charge density are given by
1
H0 = a
2
∫
d2p
(2pi)2
∑
b†l (p, t)Elbl(p, t),
jµ(k, t) = a
2
∫
d2p
(2pi)2
∑
b†l (p, t)(Γ
(0)
µ (p,k))ll′bl′(p− k, t), (3)
(Γ
(0)
µ (p,k))ll′ = 〈fl|
1
2{v
µ, eik·ξ}|fl′〉e
−ia
2kx
4pi
(2p−k)y ,
[j0(k, t), bl(p, t)] = −
∑
l′ bl′(p− k, t)(Γ
(0)
0 (p,k))ll′ ,
where vµ = (1,v), v = ωc(−η, ξ), k is the momentum of the continuum two-dimensional space, p is the lattice
momentum of the von Neumann lattice, and |px|, |py| ≤ pi/a. In another basis, which we call a current basis, the
same quantities are given by
H0 = a
2
∫
d2p
(2pi)2
∑
b˜†l1(p, t)(Ul1l(p)ElU
†
ll2
(p))b˜l2 (p, t),
jµ(k, t) = a
2
∫
d2p
(2pi)2
∑
b˜†l (p, t)(Γ˜
(0)
µ (p,k))ll′ b˜l(p− k, t), (4)
Γ˜
(0)
µ (p,k) = (1,v +
a2ωc
4pi (2p− k)),
[j0(k, t), b˜l(p, t)] = −b˜l(p− k, t).
Two sets of operators are connected by a unitary transformation,
b˜l(p, t) =
∑
l′
Ull′(p)bl′(p, t), Ull′(p) = 〈fl|e
ipxηeipyξ|fl′〉. (5)
In the energy basis, the free Hamiltonian is diagonal but the current operator is non-diagonal in the Landau level
index. Namely the commutation relation between charge density and field operators have level dependent higher
moment terms, and WT identity becomes complicated. In the current basis, on the other hand, the free Hamiltonian
is non-diagonal but WT identity becomes simple. It is convenient to use current basis when we use WT identity and
related exact relations and to use the energy basis when we find energy eigenvalues. It is important to notice that
there is no representation that makes energy and current diagonal at the same time due to the magnetic field. This
solves a controversy raised by Thouless in Ref.11. These properties have not been included in the previous works of
finite current systems,5,7 but play important roles in our work.
Extended states are represented by momentum eigenstates approximately, but the localized states are completely
different from momentum eigenstates. Hence in the system without Hall electric field, the propagator has a momentum
conserving term due to extended states and a non-conserving term due to localized states. We can split the propagator
in the current basis into a singular part proportional to the delta function and regular part as8
S˜(p, p′) = S˜c(p)δ
3(p− p′) + S˜n(p, p
′), (6)
where p = (p0,p) and p0 is the angular frequency. The first term corresponds to the extended states, and the
second term corresponds to others. The first one contributes to the Hall conductance in infinitesimally small current
systems. From Eq. (4), and the current conservation, the momentum conserving part of vertex part in the current
basis is connected with that of the propagator by WT identity,12
Γ˜µ(p, p) =
∂
∂pµ
S˜−1c (p). (7)
From Eq. (7) the Hall conductance in QHR of small current systems becomes a topological invariant of the propagator
and agrees with an exact integer multiple of e2/2pi,8
σxy =
e2
2pi
1
24pi2
∫
Tr{S˜c(p)dS˜
−1
c (p)}
3 (8)
Only the momentum conserving term contributes to σxy. We will see that Eq. (8) is valid in a finite current system
below.
To study the momentum conserving terms with finite current and a finite Hall electric field, we write the Hamiltonian
in the energy basis as
H = H0 +H1,
H0 =
mω2c
2
(ξ2 + η2) + eEH(
a2py
2pi
− ξ), (9)
H1 = ieEH
∂
∂px
+
∫
d2kVimp(k)Γ
(0)
0 (p,k),
2
where H0 conserves momenta and H1 does not conserve momenta and we treat H1 perturbatively.
In the first step, we study the Hall conductance in QHR in finite current systems. Since the momentum derivative
term in H1 generates the derivatives of δ(p − p
′), the splitting in Eq. (6) seems to become ambiguous. To resolve
this difficulty we apply a perturbative expansion to the current correlation function piµν(p, p
′) with respect to the
momentum derivative term and impurity potentials. Since the ground state has an energy gap in the lowest order, the
longitudinal conductance σxx vanishes and the ground state is stable. The perturbative expansion could be applied as
far as the Fermi energy is located in QHR. piµν includes derivative terms as pi
(d)
µν (p, p′)
∂
∂px
δ3(p− p′), which contributes
to the total current as ∂∂p′x
pi
(d)
µν (p, p′)δ3(p − p′) by integration by parts. Therefore the momentum conserving terms
modified by the derivative terms contribute to the conductance. The Hall conductance is a slope of this modified
current correlation function at the origin and is written finally as a topological invariant, Eq. (8), by using the WT
identity for the full propagator and the full vertex part. As a result S˜c has a dependence on the Hall electric field EH
and the Hall conductance is quantized exactly in QHR of finite current systems. Here QHR is defined by a self-energy
of the S˜c which includes Hall electric field.
In the second step we study impurity corrections of the extended state energies perturbatively. We assume that there
are only extended states for the moment. Under an assumption for random impurity potentials, 〈Vimp(k1)Vimp(k2)〉 =
|V (k1)|
2δ(k1 + k2), the lowest order self-energy correction of the electron within one Landau level space is given by
Σll(p) =
∑
n
∫ pi/a
−pi/a
d2k
(2pi)2
|V (p− k− 2pin/a)〈fl|e
i(p−k−2pin/a)·ξ|fl〉|
2
p0 − El −
eEHa2
2pi ky
−
eEHa
2
2pi
py, (10)
where the second term in the right hand side comes from the derivative term of H1. Note that the Coulomb interaction
effect can be expressed in the same manner. This self-energy has absorptive part in finite energy regions of the l-
independent width,
eEHa. (11)
We have examined higher order diagrams which include the interaction effect using the self-consistent Born approx-
imation. We found that the correction to the EH dependence of the energy width is small and becomes zero in the
large EH limit. If the Fermi energy is in these energy regions, Hall conductance is not quantized. QHR corresponds
to the outside of these energy regions.
We are able to extend the above arguments to systems of finite spatial widths. The momentum representation is
valid also in these systems. Momentum in one direction becomes discrete and integration in continuum momentum is
replaced with summation in discrete momentum. Consequently the energy width of extended states in this situation
is slightly modified but is practically the same as that of infinite system.
So far the uniform Hall electric field is assumed and localized states have not been taken into account. In real
experiments, total current is given and neither current density nor Hall electric field are uniform. In the last step we
estimate the effective Hall field EeffH that the extended states feel in systems with both localized states and extended
states. Localized states, in fact, do not contribute to total current and are independent of an injected current. Only
extended states couple with injected current. Conducting charge carrier accumulate toward an edge and cause Hall
electric field. Owing to induced Hall electric field, the injected current flows as a stationary current. Charges in
localized states are concentrated in finite regions and do not move long distance. Hall electric field is hence connected
with only extended states but not connected with localized states. To see this more explicitly, let us study expectation
value of the time derivative of guiding center coordinates in y-direction,
− i〈α|[Y,H ]|α〉 = −
1
eB
〈α|
∂VH
∂X
|α〉 −
1
eB
〈α|
∂Vimp
∂X
|α〉, (12)
where |α〉 is an energy eigenstate. The left hand side agrees with the velocity and gives electric current of the system.
For the localized states |α, loc〉, the left hand side vanishes since localized states have normalizable wave functions.
The localized states carry no current. For the extended states |α, ext〉, wave functions are extended from one edge to
another edge and are not normalizable in the infinite systems. Therefore the left hand side can take a non-zero value.
We define the effective Hall electric field by the right hand side of Eq. (12) and we have
∑
α,ext
〈α, ext|vy|α, ext〉 =
∑
α,ext
EeffH
B 〈α, ext|α, ext〉,
LyIy = e
EeffH
B Next, (13)
EeffH =
Ntot
Next
E
(0)
H =
1
γE
(0)
H ,
3
where Lx and Ly are lengths in x-direction and y-direction, Next is a number of extended states and Ntot is a number
of total states, and E
(0)
H is an electric field in the absence of localized states, i.e., VH/Lx. In the above equations,
γ is a fraction of the extended states, and gives an enhancement to the effective Hall electric field. If most area of
space is occupied by localized states, the effective Hall field is enhanced substantially. The effects of localized states
are included in our theory as an enhancement factor γ effectively.
The extended state wave functions are close to free waves and are modified by impurities. Their effects could be
included in perturbative treatment if the enhanced Hall field is used. We have, finally, the following combined width
of extended state energies,
1
γ
eE
(0)
H a. (14)
The energy width of Eq. (14) is proportional to E
(0)
H . Outside the energy bands of extended states, there are only
localized states and edge states. Thus QHR is realized in this energy regions. The QHR becomes narrower as EH
increases and vanishes when the band width equals ωc at the critical field Ec. The extended states cover whole energy
regions and the Hall conductance is not quantized above Ec. The critical Hall field is given by,
Ec = γ
B
ma
. (15)
Thus the critical Hall electric field is proportional to B3/2 and is enhanced by γ if the localized states occupy a main
part of the total system. Actually it has been suggested by Kawaji et al.13 from their experiments of SIMOSFET
that the enhancement factor could be order twenty. If this is of universal value and is valid also in Ga systems,14 our
result is consistent with recent experiments.3 More experimental study will be needed to confirm this.
Estimation of the fraction, γ, has been made in Ref.15. These theoretical investigations have been done in one
Landau level space. They show that the extended states are only in the center of Landau levels with vanishing
widths. This implies that the fraction vanishes and the mobility edges do not exist in the thermodynamic limit. Our
results, however, show that the extended state bands have finite energy width and that the finite mobility edges exist
in realistic systems. Inelastic scattering, Landau level mixing and other effects which have not been taken into account
might give this behavior. The present work suggested that the enhancement factor is universal and of order twenty
in realistic systems of butterfly shape.
Our calculations show that there is a clear mobility edge in finite current systems. In one side of the mobility edge
there are two-dimensionally extended states and in the other side there are no two-dimensional states. It is natural to
assume that there are one-dimensional critical states at the boundary region of the energy. We study an implication
of such one-dimensional critical states on the phase transition between the Hall liquid and insulator. The momentum
of the critical states along one direction is approximately conserved. They do not contribute to Hall conductance
but contribute to longitudinal conductance. Hence the Hall conductance vanishes in this region but longitudinal
conductance does not vanish. Instead, it takes a characteristic value of one dimensional channel. The current of
one-dimensional channel16 is given by,
jy = evyn (16)
with a velocity vy and a carrier density near the Fermi surface n. They are connected with a one-particle energy E(p)
through,
vy =
∂E(p)
∂py
, n =
1
2pi
∆py, (17)
and the chemical potential difference ∆µ, which is connected with the voltage drop Vy,
∂E(p)
∂py
∆py = ∆µ = eVy. (18)
Thus the longitudinal conductance at the phase boundary is given by the universal value,
Jy =
e2
2pi
Vy, σyy =
e2
2pi
. (19)
This, in fact, is consistent with the experiments.17
4
In summary, we have shown that QHR exists in finite current systems and the Hall conductance is quantized exactly
as integer multiple of e2/2pi in QHR if the Hall electric field is less than the critical value. The extended state bands
have finite widths and become wider as the Hall electric field increases. It exceeds the Landau level spacing at the
critical value. The critical Hall electric field is proportional to B3/2 and the proportional constant is enhanced by
an amount which depends on the fraction of the extended states. For the agreement to be obtained compared with
the recent experiments, about one twentieth of total electrons should be extended, which implies that the mobility
edges exist at finite energies. Critical one-dimensional extended states at the phase boundary between localized states
regions and extended states regions play important roles in the universal conductance at the liquid-insulator transition
of the quantum Hall systems.
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